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Abstract
The concept of conic functions is introduced in metric spaces. A new condition for metric spaces being compact
is obtained in terms of conic functions.
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Compactness is one of the most important properties of topological spaces. It is well known that
a metric space (M, d) is compact if and only if it is complete and totally bounded [1]. The aim of the
present paper is to characterize the compactness of metric spaces in terms of the so-called conic functions.
Let (M, d) be a metric space; a non-negative function h : M → R+ is called a conic function if there
exist a ∈ M and r > 0, k ≥ 0 such that
h(x) =
{
k(r − d(x, a)), d(x, a) ≤ r,
0, d(x, a) > r, (1)
and h will be denoted by h = h(a,r,k). A non-negative function f : M → R+ is said to be conically
representable (briefly, c-representable) if f is the supremum of a family H of conic functions and ∀a ∈ M
there exists h = h(a,r,k) ∈ H such that f (a) = h(a).
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Fig. 1.
Example 1.1. (i) Suppose that f : M → R+ satisfies the Lipschitz condition, i.e., there exists L ≥ 0
such that | f (x) − f (y)| ≤ Ld(x, y) (see, e.g. [2]), then f is c-representable. In fact, the corresponding
family H of conic functions can be constructed as follows. Assume that a ∈ M and f (a) > 0, choose
r > 0 such that f (a)
r
≥ L and let h = h(a,r,k) ∈ H where k = f (a)r , then it follows from (1)
that h(a) = f (a) and it follows from f (a) − f (x) ≤ Ld(x, a) that f (x) ≥ f (a) − Ld(x, a) ≥
f (a) − f (a)
r
d(x, a) = f (a)
r
(r − d(x, a)) = h(x)(x ∈ M). Suppose that H contains no other conic
functions different from the above mentioned ones, then it is clear that f = sup H and ∀a ∈ M there
exists h = h(a,r,k) such that f (a) = h(a). Hence f is c-representable.
(ii) Consider the function f : R → R+ defined as follows:
f (x) =


0, x ≤ 0,
1 −
√
1 − x2, 0 < x < 1,
1, x ≥ 1,
then f is continuous (see Fig. 1) and f is not c-representable. In fact, suppose on the contrary that
f = sup H and there exists h = h(a,r,k) ∈ H such that f (a) = h(a)(a ∈ R) where H is a family
of conic functions. Then f (1) = h(1) holds for h = h(1,r,k) ∈ H where k = f (1)r = 1r . Hence
h(x) = 1
r
(r − d(x, 1)) = 1 − 1
r
(1 − x) ≤ f (x) = 1 − √1 − x2(x ∈ (0, 1)). This implies that
1 − x ≥ r√1 − x2 and hence √1 − x ≥ r√1 + x(x ∈ (0, 1)), a contradiction. Therefore continuous
functions need not be c-representable.
(iii) Define f : R → R+ as follows: f (x) = 2(x = 0) and f (0) = 1, then it is easy to verify that f
is c-representable. Therefore c-representable functions need not to be continuous.
(iv) Conic functions are c-representable. In fact, let h = h(a,r,k) be a conic function defined by (1)
and h(b) > 0. Consider the conic function h ′ = h(b,r ′,k′) where r ′ = r − d(a, b), k ′ = h(b)r ′ , then
h ′(b) = h(b)
r ′ (r
′ − d(b, b)) = h(b) (see Fig. 2).
Since h(b) = h(a)
r
(r − d(b, a)) it follows that h(b)h(a) = 1r (r − d(b, a)) = r
′
r
, hence h(b)
r ′ = h(a)r and
h ′(x) = h(b)
r ′ (r
′ −d(x, b)) = h(a)
r
[r − (d(a, b)+d(x, b))] ≤ h(a)
r
(r −d(x, a)) = h(x)(d(x, b) ≤ r ′). Let
H be the family of all conic functions of the above mentioned type, then h = sup H and ∀b ∈ M such
that h(b) > 0 there exists h ′ = h(b,r ′,k′) ∈ H such that h(b) = h ′(b). Hence h is c-representable.
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Let f : M → R+ be a non-negative function; if ∀a ∈ M there exist La ≥ 0 and ra > 0 such that
| f (x) − f (a)| ≤ Lad(x, a), d(x, a) ≤ ra, (2)
then we say that f is pointwise Lipschitz. If (2) is replaced by
f (a) − f (x) ≤ Lad(x, a), d(x, a) ≤ ra, (3)
then we say that f is pseudo Lipschitz. We have the following.
Theorem 1.2. Let f : M → R+ be a non-negative function, then f is c-representable if and only if f is
pseudo Lipschitz.
Proof. Suppose that f is c-representable and f (a) > 0, then there exists a conic function h = h(a,r,k)
such that f (a) = h(a) and h(x) ≤ f (x)(x ∈ M). Notice that k = h(a)
r
= f (a)
r
it follows from (1) that
f (a) − f (x) ≤ f (a) − f (a)
r
(r − d(x, a)) = f (a)
r
d(x, a)(d(x, a) ≤ r), hence (3) holds with La = f (a)r
and ra = r . Therefore f is pseudo Lipschitz.
Conversely, suppose that f is pseudo Lipschitz, a ∈ M and f (a) > 0, then there exist La ≥ 0 and
ra > 0 such that (3) holds. Choose r > 0 such that f (a)r ≥ La and r < ra , let h = h(a,r,k) where
k = f (a)
r
, then h(a) = f (a) and f (x) ≥ f (a)− Lad(x, a) ≥ f (a)− f (a)r d(x, a) = f (a)r (r − d(x, a)) =
h(x)(d(x, a) ≤ r < ra). Let H be the family consisting of all the above mentioned conic functions, then
f = sup H and ∀a ∈ M there exists h = h(a,r,k) ∈ H such that f (a) = h(a). Hence f is c-representable.
This completes the proof of Theorem 1.2.
Remark 1.3. In the case when f satisfies Lipschitz condition there exists L ≥ 0 such that condition (2)
holds with La = L , and ra = D(a ∈ M), where D is any positive number, then h(a,r,k) can be constructed
to satisfy the condition that k = f (a)
r
= L , and r = f (a)L h(a,r,k)(a ∈ M).
Now we are to provide a new characteristic of compactness of metric spaces. We say a non-negative
function f : M → R+ is finitely conically approximable (briefly, Fc-approximable) if ∀ε > 0 there exists
a finite family H = {h1, . . . , hn} of conic functions such that 0 ≤ f (x) − (sup H )(x) < ε(x ∈ M).
Theorem 1.4. Let (M, d) be a metric space, then (M, d) is compact if and only if pointwise Lipschitz
functions are Fc-approximable.
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Proof. Suppose that (M, d) is compact, then there exists a countable dense subset A of M . Let f be
a pointwise Lipschitz function; it follows from compactness of M that f is Lipschitz, i.e., there exists
L ≥ 0 such that | f (x) − f (a)| ≤ Ld(x, a)(x, a ∈ M) and hence f is uniformly continuous. Suppose
that a ∈ M and f (a) > 0, then it follows from Remark 1.3 that there exists a conic function h = h(a,r,k)
with k = L and r = f (a)L and such that f (a) = h(a), h(x) ≤ f (x)(x ∈ M). Given ε > 0, choose
n large enough so that L
n
< ε2 and | f (x) − f (y)| < ε2 holds whenever d(x, y) < 1n , and choose a
1
n
-net {a1, . . . , am} of M from A. Suppose that x ∈ M , then there exists an ai such that d(x, ai ) < 1n .
Consider the conic function h = h(ai ,r,k) where k = L , r = f (ai )L , then it follows from d(x, ai ) < 1n that
f (x) ≤ f (ai) + ε2 . On the other hand, h(x) = L(r − d(x, ai )) = f (ai) − Ld(x, ai ) ≥ f (ai ) − Ln ≥f (ai )− ε2 . Hence 0 ≤ f (x)− h(x) ≤ ε(x ∈ M). Let H = {h(ai ,r,k) | i = 1, . . . , m} and g = sup H , then
0 ≤ f (x) − g(x) ≤ ε(x ∈ M). This proves that f is Fc-approximable.
Conversely, suppose that (M, d) is not compact, then (M, d) is not complete or (M, d) is not totally
bounded. If (M, d) is not complete, then there exists a Cauchy sequence a1, a2, . . . with no limit. Choose
a point c ∈ M , let M∗ = M ∪ {c}, and define ρ : M∗ × M∗ → R+ as follows: ρ | M2 =
d, ρ(c, c) = 0, and ρ(c, x) = ρ(x, c) = limn→∞ d(an, x)(x ∈ M). Since |d(an, x) − d(am, x)| ≤
d(an, am), d(a1, x), d(a2, x), . . . is a Cauchy sequence in R+ and hence ρ(c, x) is well defined. It is
routine to verify that ρ is a metric on M∗. Define on M a function f by letting f (x) = 1
ρ(x,c)
(x ∈ M),
then f is pointwise Lipschitz. In fact, suppose that a ∈ M , then ρ(a, c) = δ > 0, hence d(x, a) ≤ δ2
implies that ρ(x, c) ≥ δ2 and | f (x) − f (a)| = |ρ(x,c)−ρ(a,c)|ρ(x,c)ρ(a,c) ≤ 2δ2 d(x, a), i.e., the condition (2) holds
with La = 2δ2 and ra = δ2 . Hence f is pointwise Lipschitz. Since f is unbounded and the supremum of
any given finite family of conic functions is clearly bounded, therefore f is not Fc-approximable.
Next suppose that (M, d) is not totally bounded, then there exists ε > 0 such that there exist infinite
many pairwise disjoint balls {B(an, ε) | n = 1, 2, . . .}. Let E = M − ∪{B¯(an, ε2 ) | n = 1, 2 . . .} where
B¯(an, ε2 ) = {x ∈ M | d(x, an) ≤ ε2 }(n = 1, 2, . . .), then E is an open subset of M . Define f : M → R+
as follows: f (x) = 0 for x ∈ E and f (x) = n − 2n
ε
d(x, an) for x ∈ B¯(an, ε2 )(n = 1, 2, . . .), then
f (an) = n and | f (x) − f (an)| = 2nε d(x, an)(d(x, an) ≤ ε2 , n = 1, 2, . . .). To prove that f is pointwise
Lipschitz we have to verify the condition (2) for every a ∈ M . In fact, if a ∈ E , choose an open
ball B(a, δ) in E and (2) holds with ra = δ and La = 1. If a ∈ E , then there exists n such that
a ∈ B¯(an, ε2 ). Suppose that d(x, a) ≤ ε2 . If x ∈ B¯(an, ε2 ), then | f (x) − f (a)| = |(n − 2nε d(x, an)) −
(n − 2n
ε
d(a, an))| = 2nε |d(x, an) − d(a, an)| ≤ 2nε d(x, a)(d(x, a) ≤ ε2 ). If x ∈ B¯(an, ε2 ), then f (x) = 0
and d(x, a) ≥ d(x, an)− d(a, an) > ε2 − d(a, an). Hence | f (x) − f (a)| = | f (a)| = |n − 2nε d(a, an)| ≤
|n − 2n
ε
( ε2 − d(x, a))| = 2nε d(x, a)(d(x, a) ≤ ε2). This proves (2) with La = 2nε and ra = ε2 . Thereforef is pointwise Lipschitz. Since f is unbounded, it is not Fc-approximable. This completes the proof of
Theorem 1.4.
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